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Four-electron quantum dot in a magnetic field
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We present a theoretical treatment of four two-dimensional electrons in a harmonic confinement potential in
the presence of an external magnetic field using the exact diagonalization approach. The ground state proper-
ties and the spin and angular momentum transitions for different electron interaction strengths and magnetic
fields are obtained. A magnetic field-confinement strength phase diagram is presented indicating a rich variety
of ground states. An interesting feature of this system is the depolarization of spins by application of a
magnetic field. The results are compared to several approximate theories.
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I. INTRODUCTION

The rapid progress in experimental techniques has ma
possible to construct few electron quantum dots in semic
ductor materials~for recent reviews see Refs. 1–3!. These
dots contain a few electrons trapped in a plane and later
confined by an external potential. Some of their propert
such as the electronic shell structure, for example, clos
resemble those of real atoms, however, in quantum dots
experimental control and tunability of the involved para
eters is much broader. This makes quantum dots an i
system to study electron-electron interactions and correla
effects. The nature of the confining potential may be diff
ent depending on the experimental setup. In most ca
however, a harmonic model is appropriate to describe
confinement.4 The competition between the interelectron r
pulsion, confinement, and spin effects leads to interes
physics, such as transformations of the multielectron gro
state as a function of magnetic field, in particular, the tran
tion from a Fermi liquid to a Wigner crystal5,6 and switching
of the spin and the angular momentum of the system.7,8

Among the computational approaches, a special role
played by exact diagonalizations~ED’s!.6,8–13 Especially
useful in the limit of small particle number, these calcu
tions are capable of providing accurate results against w
reliability and accuracy of approximate methods can
gauged. Most of the ED-based work concentrated in the li
of strong magnetic fields where the role of electron-elect
correlations is particularly important. Moreover, in this lim
the numerical effort is greatly reduced by restricting t
single-particle basis to the lowest~often also spin polarized!
Landau level~LL !.10 Recently this work has been extendin
into the regime of zero and intermediate magnetic fiel
Mikhailov and co-workers studied a system of three intera
ing electrons in zero14 and finite15 magnetic fields. At low
magnetic fields this system exhibits an interesting grou
state transition at from the (L,S)5(1,1/2) state to the
(0,3/2) state, hereL the total angular momentum andS the
total spin of the system. This transition is accompanied b
change in electron structure, from an isosceles to an equ
eral triangle. The degenerate ground states of a four-elec
system without magnetic field was also considered16 and no
ground state transition was found. Earlier, six-electron qu
0163-1829/2003/68~20!/205305~9!/$20.00 68 2053
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tum dot in zero magnetic field was studied6 at several dis-
crete values of interaction strength~density!.

In the present paper we report ED calculations of fo
electron quantum dot in a broad range of magnetic fie
The obtained results are compared with those obtained
several approximate methods, namely, renormalized pe
bation series,17,18 multicenter Hartree-Fock~MCHF!,19 and a
restricted Hartree-Fock~RHF! algorithm. We look for pos-
sible magnetic-field-induced ground state angular mom
tum and spin transitions. Particular attention is paid to
polarization and breakdown of the maximum density drop
state~MDD! in which all electron occupy the lowest orbita
of the lowest LL.

The structure of the paper is as follows. In Sec. II t
theory of the involved computational methods is present
ED results are described in Sec. III and compared to ot
methods in Sec. IV, and in Sec. V the conclusions are giv

II. THEORY

We consider a system of four electrons which are
stricted to move in thez50 plane and are laterally trapped
a harmonic confining potential,V(r )5m* v0

2r 2/2, wherem*
is the effective mass of the electrons in the host semicond
tor, v0 is the oscillator frequency of the confining potentia
and r5(x,y) denotes the position in thez50 plane. The
Hamiltonian of this system in the presence of a homo
neous magnetic field perpendicular to thez50 plane de-
scribed using the symmetric gaugeA5B(2y,x,0)/2 reads

Ĥ5(
i 51

4 S p̂i
2

2m*
1

m* v0
2r i

2

2 D 1(
i . j

4
e2/«

ur i2r j u
1(

i 51

4
1

8
m* vc

2r i
2

1
1

2
\vcL̂z1

1

2
g*

m*

me
Ŝz\vc , ~1!

where the last three terms represent the contribution du
the magnetic field withvc being the cyclotron frequency,g*
the effectiveg factor, andme the bare electron mass.

The study of this system can be greatly simplified by u
ing dimensionless parameters, i.e., measuring lengths il 0

5A\/m* v0, the oscillator length, and energies in\v0. A
dimensionless parameterl5 l 0 /aB* ~hereaB* 5«\2/e2m* is
©2003 The American Physical Society05-1
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the effective Bohr radius! describes the strength of th
electron-electron interaction. Largel implies strong interac-
tion and/or a large quantum dot. Since bothL̂z and Ŝz com-
mute with the Hamiltonian we can perform the calculatio
separately in subspaces of givenLz andSz . The dimension-
less Hamiltonian becomes

Ĥ5(
i 51

4 F2
1

2
¹ i

21
1

2 S 11
1

4
Vc

2D r i
2G1l(

i . j

4
1

ur i2r j u

1
Vc

2 S Lz1g*
m*

me
SzD , ~2!

with Vc5vc /v0. In the limit of largel the system become
classical.20

One can easily see that the effect of a magnetic field le
to a rescaling ofr i to ar i , with a4511 1

4 Vc
2 . This results in

a new effective17 l* 5l/a. Eventually we obtain

Ĥ5a2F(
i 51

4 S 2
1

2
¹ i

21
1

2
r i

2D1l* (
i . j

4
1

ur i2r j u
G

1
Vc

2 S Lz1g*
m*

me
SzD . ~3!

The last term which is proportional to the magnetic fie
involves only the good quantum numbersLz andSz and not
d
ef
ve

r

o
es

20530
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the operators themselves, therefore, its effect can be trivi
included when the remaining part of the Hamiltonian~3! is
diagonalized. That is, one merely needs to solve the prob
without magnetic field but with a modifiedl→l* . We also
note that in this way the magnetic field allows one to co
tinuously change the effective electron-electron interacti
The four-particle wave function is also obtained by rescal
the zero magnetic field result

CBÞ0~r1 ,r2 ,r3 ,r4!5aCB50~ar1 ,ar2 ,ar3 ,ar4!. ~4!

We use the Fock-Darwin orbitalswnl(r ) to construct a
complete set of single particle statesfnls(r ,s)
5wnl(r )xs(s), with xs(s) the spin part of the wave func
tion. In dimensionless units these orbitals are given by

wnl~r !5A n!

p~n1u l u!!
r u l ueil u2r 2/2Ln

u l u~r 2!, ~5!

whereLn
l (x) is the Laguerre polynomial. The energy of the

states is independent ofs and is a function of two quantum
numbersn and l: Enls52n1u l u11 in units of\v0, wheren
is the radial quantum number andl the angular quantum
number. We use these single particle wave functions to c
struct Slater determinants
Cabgd5
1

A4!Ufa~r1 ,s1! fb~r1 ,s1! fg~r1 ,s1! fd~r1 ,s1!

fa~r2 ,s2! fb~r2 ,s2! fg~r2 ,s2! fd~r2 ,s2!

fa~r3 ,s3! fb~r3 ,s3! fg~r3 ,s3! fd~r3 ,s3!

fa~r4 ,s4! fb~r4 ,s4! fg~r4 ,s4! fd~r4 ,s4!

U , ~6!
to
cu-

wo
ock

on
total
The
ists
with a5(n1 ,l 1 ,s1), b5(n2 ,l 2 ,s2), . . . . The four-particle
wave function is expanded in the Slater determinants~6!

C5(
j

CjC j , ~7!

where j runs over all possible (abgd). Inserting the multi-
particle wave function~7! into the Schro¨dinger equation
ĤC5EC and multiplying from the left withC i one obtains

(
j

~Hi j 2Ed i j !Cj50, ~8!

with Hi j 5^C i uĤuC j&. This eigenvalue equation is solve
numerically and yields the eigenenergies and a set of co
cientsCj which are used to calculate the four-particle wa
function ~7!.

The accuracy of the results depends on the numbe
Slater determinants included in the basis~7!. In our calcula-
tions we include all Slater determinants for which the sum
four single-electron energies is less or equal to some thr
fi-

of

f
h-

old energyEth . IncreasingEth will make the results converge
to their correct value and make the results reliable for
higherl. We were able to obtain a reasonable relative ac
racy of approximately 231024 for l<2. For example, for
the ~14,2! state we need 19774 Slater determinants (Eth
526) to obtain a relative accuracy of 531025.

The exact solutions of the Schro¨dinger equation for the
four-electron system are compared with the results of t
different Hartree-Fock approaches: multicenter Hartree-F
~MCHF! and restricted Hartree-Fock~RHF! calculations.
MCHF ~Ref. 19! is a method dedicated to confined electr
systems at high magnetic fields. Landau gauge and the
spin polarization of the electron system are assumed.
basis set for the four single-electron wave functions cons
of four wave functions

cm~r !5~a/2p!1/2(
k51

4

ck
mexp$2~a/4!@~x2Xk!

21~y2Yk!
2#

1~ ib/2!~x2Xk!~y1Yk!%. ~9!
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In the four-electron system the centers of electron loc
ization (Xk ,Yk) form a square, the size of which is optimize
variationally. Moreover,a and b are also used as nonlinea
variational parameters. Basis set functions~9! for fixed a
5b5eB/\ are the lowest LL eigenfunctions. The applic
bility of the MCHF is limited to systems, in which the elec
trons occupy the lowest Fock-Darwin band, i.e., to the MD
and states appearing at higher magnetic fields~Wigner mol-
ecules!. The MCHF method produces an approximately c
lindrically symmetric MDD with a characteristic flat max
mum of the charge density. For higher magnetic fields
MCHF method yields a Wigner-molecule phase, in which
electrons are spatially separated. The transformation from
MDD to Wigner phase appears abruptly at a certain magn
field. This transformation is associated with cusps~disconti-
nuity of the derivative with respect to the magnetic field! of
several quantities~interaction energy, radius of the charg
density, etc.!. At high magnetic fields the charge-density d
tributions corresponding to the basis functions of MCH
tend to point charges. Therefore, the MCHF reproduces
classical limit of the electron localization at the infinite ma
netic field, and at high magnetic fields it provides nea
exact values of the energy.

In the RHF method we assume that the one-electron w
functions are eigenfunctions of the single-electron angu
momentum operator. By this assumption the angular corr
tion between the electrons is totally neglected and only ra
wave functions are optimized to minimize the total energy
the confined systems. On the other hand the RHF soluti
in contrary to the MCHF, possess a definite total angu
momentum which can be compared with the results of
exact calculations. The RHF used in the present paper so
the HF equations with the finite-difference approach,
which both the Coulomb and exchange potentials are i
grated numerically. In this way we avoid possible proble
with the finite size of the variational basis. The electro
electron correlation effects are defined as those overloo
by the RHF method. Therefore, the comparison of the ex
solution and the RHF results allows us to estimate the rol
electron-electron correlation in the four-electron system
function of the electron-electron interaction strength and
external magnetic field.

III. RESULTS

A. Ground state phase diagram

In what follows the four-particle states will be labele
(L,S) whereL denotes the total angular momentum andS
the total spin of the state. The single particle states will
labeled (n,l ,↑,or ↓) with n and l being the radial and angu
lar quantum numbers, respectively. As a matter of fact, in
convention the states ofnegativeangular momentum are
more energetically favorable in a magnetic field. Howev
for the sake of brevity in the ensuing discussion we will
omitting the ‘‘2 ’’ sign, that is, the absolute values ofL will
be given.

We numerically calculated the eigenstates and their co
sponding energies as a function of the magnetic field fo
fixed value of the interaction constantl52.0. In Fig. 1 we
20530
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show the evolution of the lowest-energy states for differ
angular momentaL between 0 and 9. The spin quantu
numbers accompanying the lowest-energy states of all an
lar momenta are in strict accordance with the predictions
the ‘‘magic number’’ theory21 based on the symmetry con
siderations of four electrons forming a ring. It is interesti
to observe that no deviation from this simple rule is fou
down to the lowest values of the magnetic field, as well
for anyl<2 investigated. In this system the filling factors
1, 1/2, 1/3 correspond, respectively, to angular mome
L52, 6, 12, 18.

One notes that with increasing magnetic field the terms
ever higher angular momenta are competing to become
ground state resulting in a sequence of angular-momen
transitions. Already at very low fields the ground state~0,1!
is succeeded by~2,0!, and this transition bears two interes
ing aspects. First, one observes that the ground-state an
momentum thus increases by 2, and the state~1,1! is pre-
vented from becoming the ground state. As we will see la
this behavior persists for all values ofl and results from the
fact that at high magnetic fields the~1,1! state@as well as
~0,1!# asymptotically approaches the first excited LL wh
the ~2,0! state corresponds to the lowest LL. As can be se
in Fig. 1 the formation of LL’s is apparent already atVc
'2. Secondly, we note that this transition is a triplet-t
singlet transition, which implies that the application of
magnetic field depolarizes the electron spins. A similar p
nomenon was recently found in quantum-dot lithium,15 how-
ever, in that case such a transition was present only for m
larger values of the interaction constantl>l054.343,
whereas in the present system it is found for all values ofl,
with or without the Zeeman contribution. This transition
the ground state from~0,1! to ~2,0! was observed experimen
tally in Refs. 22,23 by investigating the pairing of condu
tance peaks in single electron tunneling experiments.

FIG. 1. The energy spectrum as a function of the magnetic fi
for l52.0. The lowest-energy states of angular momentum up
are shown. The Zeeman energy is included withg* 520.44. The
energy is given in units of\v0. States are labeled (L,S) with L the
total angular momentum andS the total spin of the state.
5-3
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In order to explore this and other transitions of the grou
state in greater detail, we plot theB2l ~that is, magnetic
field versus interaction! phase diagram in Fig. 2, where th
Zeeman contribution is included withg* 520.44. We see
that the phase boundary between the two above-discu
states~0,1! and ~2,0! starts from the origin. This behavior i
readily understood by considering the relevant single-part
configurations. Atl50.0 ~no interaction! the electrons oc-
cupy the four lowest orbitals, i.e., their configuration
$(0,0,↑),(0,0,↓),(0,1,↑),(0,21,↑)%. By application of a
magnetic field the negative momentum levels will rise
energy while the positive will drop, and this will make th
(0,21,↑) electron jump to the state (0,1,↓). Thus, atl50
the transition from the~0,1! state to the~2,0! state is trig-
gered by an infinitesimally small magnetic field. At fini
values ofl this jump will be suppressed by the interelectr
repulsion up to a certain nonzero value of the magnetic fi
~on the order ofVc;0.1) when the difference between th
single-particle energies of the two levels exceeds the re
sion energy. We stress that the abovedescribed scenari
mains unaltered in the presence of Zeeman splitting since
latter increases more slowly with magnetic field than the
bital contribution. Figure 3 shows the corresponding ph
diagram when the Zeeman energy is neglected by se
g* 50. Here one notices that the states~2,0!, ~6,2!, ~14,0!,
and~18,2! are stable over a longer range than their neighb
ing states.

One further observes in Fig. 2 that the state~2,0! does not
extend to infinitely large magnetic fields in the lowl region,
but is terminated atVc'8.17. In contrast to the previou
discussion, this effect is a direct consequence of the Zee
effect which can be seen from Fig. 3. In the~2,0! state the

FIG. 2. The ground state configuration as a function of the C
lomb interaction strength and the magnetic field forg* 520.44.
Angular momenta up to 22 are included. See Fig. 4 for the ma
fication of the area inside the rectangle. States are labeled (L,S)
with L the total angular momentum andS the total spin of the state
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four electrons occupy the four lowest orbitals of the lowe
LL, i.e., their configuration is $(0,0,↑),(0,0,↓),(0,1,↑),
(0,1,↓)%. The transition from this state to the state~3,1! is
accomplished by unpairing the two electrons in the orb
(0,1,↑↓) and promoting one of them to a higher orbit
(0,2,↑). This is energetically favorable only when the in
crease in energy~the distance between these two orbital b
haves as;1/B at strong fields! is balanced by the Zeema
energy~increasing as;B) and exchange energy. Ifl differs
from 0 the transition will occur already at lower magne
fields, which can be clearly seen from Fig. 2, since the el
tron repulsion will aid the unpairing of the (0,1,↑↓) elec-
trons. A similar transition happens from the~3,1! to the~6,2!
state, but this cannot be seen in Fig. 2. When we comp
this transition to the one from the~6,2! state to~10,2! there is
a clear difference in mechanism. The latter transition l
will approach thel50 line asymptotically, since (6,2)
→(10,2) transition is only triggered by the electron repu
sion.

These considerations lead us to conclude that a sim
effect also takes place in quantum-dot lithium, namely,
state (1,1/2) is also terminated at a finite magnetic fie
However, it was apparently overlooked in Fig. 2~b! of Ref.
15 by not considering sufficiently high magnetic fields.

In general, the inclusion of the Zeeman contribution su
stantially lowers the energy of the spin-polarized statesS
52) at high magnetic fields and leads to the growth of
ground-state angular momentum in steps of 4, i.e., 6→10
→14→18→22, all of these states being fully polarized. Th
intermediate partially polarized states~9,1! and ~12,1! sur-
vive only at the lower end of the magnetic-field range as th
are squeezed out by the fully polarized states~see Fig. 2!. In
contrast, when we neglect the Zeeman term, the parti
polarized as well as the unpolarized states survive at h
magnetic fields. Therefore, most of the time the ground-s

-

i-

FIG. 3. The ground state configuration as a function of the C
lomb interaction strength and the magnetic field. The Zeeman c
tribution is not included. Angular momenta up to 22 are show
States are labeled (L,S) with L the total angular momentum andS
the total spin of the state.
5-4
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FOUR-ELECTRON QUANTUM DOT IN A MAGNETIC FIELD PHYSICAL REVIEW B68, 205305 ~2003!
angular momentum increases in steps of 1 and the ang
momentum transitions are accompanied by correspon
switchings of the spin state.

At intermediate magnetic fields the phase diagram exh
its a rich structure. In Fig. 4 we display a magnification
the region of Fig. 2 marked by the rectangle. One notes
by choosing different fixed values ofl and increasing the
magnetic field it is possible to perform a transition from t
spin-unpolarized MDD state~2,0! to the spin-polarized
MDD state~6,2! in six distinct ways. Enumerated in order o
increasingl they are

~2,0!→~3,1!→~6,2!,

~2,0!→~3,1!→~4,1!→~6,2!,

~2,0!→~3,1!→~4,1!→~5,1!→~6,2!,

~2,0!→~3,1!→~4,0!→~4,1!→~5,1!→~6,2!,

~2,0!→~3,1!→~4,0!→~5,1!→~6,2!,

~2,0!→~4,0!→~5,1!→~6,2!. ~10!

In particular, in the upper left corner of Fig. 4 we observe
rather peculiar phase boundary between the states~4,0! and
~4,1! which was not seen forg* 50. At this transition the
total electron spin switches from singlet to triplet unacco
panied by an angular-momentum transition. When we
crease~in absolute value! the effectiveg factor to20.6 ~in-
stead of20.44 as before! we obtain the phase diagram a
shown in Fig. 5. The~4,0!-~4,1! transition line has shifted
towards lowerVc and higherl. Decreasingug* u leads to the
opposite behavior. Since the~4,0! state and the~4,1! state
differ in total spin it is clear that the Zeeman contribution
essential to make such a transition possible.

This rich structure is a consequence of the interplay
tween the confinement, Coulomb interaction, and the Z

FIG. 4. The magnification of the area indicated by a rectangl
Fig. 2. States are labeled (L,S) with L the total angular momentum
andS the total spin of the state.
20530
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man effect. By comparing theB2l phase diagram of ou
system to that previously obtained for quantum-dot lithium15

we may conclude that the addition of an extra electron s
stantially enriches the phase, and thus we already spo
much interesting physics belowl52.0.

B. Wigner crystallization

In Fig. 6 we show the evolution of the total electron de
sity of the system atl52.0 and varying magnetic field~see
also Ref. 13!. We see that even at the lowest magnetic fie
the density profile has a rather inconspicuous minimum
the center and a maximum at a finite radius which is a c

n FIG. 5. The same transitions lines as shown in Fig. 4 but n
for g* 520.6. States are labeled (L,S) with L the total angular
momentum andS the total spin of the state.

FIG. 6. The total electron density in a number of different a
gular momentum states atl52.0. These states are the ground sta
at, respectively,Vc equal to 0.0, 0.5, 1.0, 1.1, 1.27, 2.0, 2.7, 3
3.6, and 4.0. Angular momenta up to 14 are included. States
labeled (L,S) with L the total angular momentum andS the total
spin of the state.
5-5
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M. B. TAVERNIER et al. PHYSICAL REVIEW B 68, 205305 ~2003!
sequence of a rather high value ofl. After the breakdown of
the spin-polarized MDD state the maximum of the dens
becomes more pronounced and slightly shifts towards hig
radii. This is what we expect from the MDD breakdow
since some electrons are forced into higher angular mom
tum orbits. Thus, increasing magnetic field forces the e
trons to be located on a ring, such as for the equiva
classical system with the same radius, which in this cas
l52.0 equals 1.24~see Ref. 16!.

We plot the total pair-correlation function in Fig. 7. Wit

FIG. 7. The total pair-correlation function in a number of d
ferent angular momentum states atl52.0. One electron is pinned
at ~1.24,0!. These states are the ground states at, respectivelyVc

equal to 0.0, 0.5, 1.1, 2.0, 2.7, 3.0, 3.6, and 4.0. The lengt
measured in units ofl 0. States are labeled (L,S) with L the total
angular momentum andS the total spin of the state.
20530
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increasing magnetic field, which induces increasing value
angular momentum, we observe the formation of a Wig
crystal in which the four electrons are located on the corn
of a square. From Fig. 8 one can clearly see the high den
at r 50 for the MDD state and the sudden decrease of
density at the breakdown of the MDD.

Figure 9 shows the behavior of^r 2& which, when multi-
plied byp, gives an estimate for the size of the dot. At eve
transition the size of the dot increases discontinuously as
system jumps to a higher angular momentum state. No
the high compressibility of the spin-polarized MDD stat
before it breaks down due to the increasing electron-elec
repulsion. The dashed curve in Fig. 9 represents the MC

is

FIG. 8. The total electron density atr 50 as a function of the
magnetic field atl52.0. Angular momenta up to 18 are include
States are labeled (L,S) with L the total angular momentum andS
the total spin of the state.

FIG. 9. The squared dot radius^r 2& ~in units l 0
2) as a function of

magnetic fieldVc at l52.0 in the ground state. At each transitio
of the ground statêr 2& increases abruptly. Angular momenta up
22 are included. The ED and MCHF results are indicated with so
and dashed lines, respectively. States are labeled (L,S) with L the
total angular momentum andS the total spin of the state.
5-6
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FOUR-ELECTRON QUANTUM DOT IN A MAGNETIC FIELD PHYSICAL REVIEW B68, 205305 ~2003!
result. There is a clear cusp in the dashed curve atVc'2.4
which indicates the breakdown of the MDD state, while t
actual breakdown of the MDD state as calculated with
ED method happens atVc'2.6. After the breakdown of the
MDD the MCHF result slightly increases and then starts
creasing towards the classical limit of^r 2&51.24251.538.
For example, atVc5100 ^r 2&51.569. Also in the ED resul
this decreasing tendency can be observed after the br
down of the MDD.

IV. COMPARISON TO OTHER METHODS

A. Excited states

In the present subsection we consider the excited state
a four-electron quantum dot comparing our results to th
obtained previously in Ref. 18. In that paper it was argu
that the energy spectra of few-electron quantum dots i
broad range ofl values can be rather accurately obtain
from an interpolation between few-term expansions valid
l→0 and l→`. In particular, it was shown that at hig
values ofl semiclassical vibrational levels are formed. W
restrict the present comparison to the case of zero magn
field since in both methods the finite magnetic field resu
are obtained by means of rescaling of zero-field results@see
Eq. ~3! and the foregoing discussion#.

In Fig. 10 we show the evolution of a few lowest ener
levels from the low-l limit up to l57.5 where our calcula-
tions still offer a reasonable accuracy of;1023. Since the
absolute energy values grow very rapidly withl we plot
their differences from the energy of the ground state~1,1!.
Thus, the exact ground state energy is identical with 0 in
figure while its approximate value obtained from the interp
lation is shown by the dashed line. One sees that the abs
error is always below 0.1 which corresponds to an accur
better than 1%.

FIG. 10. Excitation energies of several low-lying excited sta
of the four-electron quantum dot. Differences of the respective s
energies and the exact ground-state energy are plotted. Full
denote exact diagonalization results while dotted lines are obta
from an approximate treatment based on the renormalized pertu
tion series. Formation of the asymptotic levels is apparent.
dashed line denotes the discrepancy between exact and approx
ground-state energies. States are labeled (L,S) with L the total an-
gular momentum andS the total spin of the state.
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The three states~0,0!, ~3,1!, and~4,0! all tend to the low-
est vibrational level in thel→` limit. We see that for the
state~4,0! the coincidence of the two results is surprising
accurate and the difference between the two lines is har
see on the plot. In contrast to this, the mismatch between
exact and the approximate results for the states~0,2! and
~1,1!, which both tend to the first excited asymptotic vibr
tional level, is considerably larger, especially in the interm
diate region 2,l,5. However, at higher values ofl the
accuracy improves and it is apparent that the levels~0,2! and
~1,1! indeed form a distinct group separating from the oth
terms described earlier.

B. Ground state energy

In Table I we compare the results of the present ED
those of the MCHF and RHF methods for the ground st
energy of the system as a function ofVc at l52.0. At low
magnetic fields the ED yields lower~and correct! values for
the energy. When the magnetic field increases the MC
approaches the ED result, since the system becomes m
classical, whereas the RHF result diverges from the ED
sult. This can be understood from the fact that the R
method does not take correlation effects into account w
apparently these effects become more and more impor
after the breakdown of the MDD. One notes that the conv
gence of the MCHF to the ED result is not monotonous. T
is a consequence of the small cusps which appear in the
result ~see Fig. 1! when a ground state transition occu
while the MCHF result is a smooth curve as a function of t
magnetic field.

C. Phase diagram

Figures 2 and 3 show that the spin-angular moment
configuration of the four-electron ground state is a comp
function of the strength of the electron-electron interact
and the external magnetic field. We have compared the e
phase diagrams with the results obtained with the RHF~the
MCHF solutions do not possess a definite angular mom
tum!.

For g* 50 andl50.5 ~see Fig. 3! the RHF method cor-
rectly predicts the ground state for zero magnetic field

s
te
es
ed
a-
e
ate

TABLE I. Comparison of the ground state energy for the E
MCHF, and RHF methods.g* 520.44 andl52.0. Energies are
given in units\v0. The fourth column contains the overestimatio
of the exact energy obtained with MCHF. The last column conta
the overestimation of the exact energy obtained with RHF.

Vc ED MCHF DEMCHF RHF DERCHF

1.892 14.815 15.026 0.211 14.933 0.118
3.154 16.846 17.046 0.200 17.095 0.249
4.416 19.010 19.201 0.191 19.444 0.434
5.678 21.258 21.450 0.192 21.859 0.601
6.939 23.610 23.764 0.154 24.302 0.692
8.201 26.043 26.125 0.082 26.761 0.718
9.462 28.441 28.516 0.075 29.226 0.785
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have ~0,1! symmetry. However, the critical magnetic field
for the transformation of the ground state to~2,0! is overes-
timated by about 50% (Vc

RHF50.112, instead of the exac
valueVc50.085). On the other hand, according to RHF t
ground state changes from~2,0! to ~3,1! for Vc

RHF52.54,
while the exact value is 2.73. According to RHF state~3,1! is
transformed to the MDD~6,2! at higher magnetic field
(Vc

RHF52.99). In contrast to the exact calculations the R
does not predict the~4,0! and~5,1! states to be ground state
In the exact calculations the MDD becomes the ground s
for Vc

RHF53.34.
The difference in the estimation of the critical magne

fields reveals the known tendency of the RHF to overe
mate the exchange interaction and to favor spin-polari
states, for which the precision of the method is better th
for unpolarized states. We notice that the values ofVc induc-
ing the ground-state transformations to higher-spin states
underestimated, while the values ofVc for which the spin of
the ground state is decreased are overestimated by the
method.

After the MDD decay forg* 50 the exact calculations
predict a sequence of the states not necessarily spin pola
~see Fig. 3!. On the other hand, the RHF after the MD
decay predicts only the appearance of the spin-polar
ground states. Moreover, according to RHF only the state
the magic sequence (614n,2) become ground states at hig
magnetic field. Such magic sequence in the exact solutio
observed only for nonzerog factor ~see Fig. 2!. In this sense
the error of the RHF introduces an ‘‘internalg factor’’ to the
electron system.

Results of the energy presented in Table I indicate that
correlation energy rapidly grows after the MDD breakdow
and becomes particularly large when the Wigner crystalli
tion appears. The spin polarization predicted by the RHF
reflection of the exact effect related with the Wigner cryst
lization, i.e., the separation of the electron charges. In
RHF method this separation is partially realized only
spin-polarized states, for which probability of finding tw
electrons in the same place is 0 due to the antisymmetr
the spatial wave function.

Let us consider also the case of larger interaction stren
(l52.0, see Fig. 3!. Forg* 50 andl52.0 the RHF method
predicts that the ground state changes from~0,1! to ~3,1! and
then to MDD. In this way RHF overlooks the fact that th
spin-unpolarized states~2,0!, ~4,0!, and partially polarized
~5,1! state are the ground states for a certain range of
magnetic field~see Fig. 3! below the formation of the MDD.
According to RHF the fully spin-polarized MDD appea
already forVc

RHF50.71, while according to the exact calc
lations MDD appears in a much larger magnetic fieldVc
51.39. In larger magnetic field RHF still predicts the mag
sequence of the states as in the case ofl50.5. The results of
the RHF for the phase diagrams are qualitatively the sa
for nonzerog factor.

The present comparison of the phase transitions and
results of the energy presented in Table I shows that
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precision of the RHF method deteriorates for strong electr
electron interaction as well as for high magnetic fields.
both cases the electron system is strongly correlated and
Wigner crystallization appears. For nonzerog the RHF gives
a qualitatively correct sequence of the ground states after
MDD breakdown, but as we have shown this agreemen
rather accidental.

V. CONCLUSIONS

To conclude, we obtained the energy spectrum of the fo
electron quantum dot as a function of the magnetic field a
we compared it to previously obtained results. We see th
simple few term expansion of Ref. 18 is not fully capable
describe the behavior of excited states in the region inter
diate between the perturbative and asymptotic regimes.
the other hand, it is quite remarkable that an exa
diagonalization scheme starting from energy levels of non
teracting electrons is capable of reaching the strong elec
interaction limit and revealing the formation of semiclassic
energy levels.

A phase diagram has been composed for different va
of g* . At small magnetic fields we observed the depolariz
tion of spins from the~0,1! to the~2,0! state by application of
a magnetic field. A rich structure has been observed at in
mediate magnetic fields with a somewhat strange look
transition between the~4,0! and the~4,1! state in which the
total spin changes while the angular momentum remains
same. Other transitions have been investigated and t
mechanism was explained. We observed the formation
Wigner crystal by increasing the magnetic field. The sudd
decrease of the density atr 50 after the breakdown of the
MDD state~6,2! shows that this state is special.

Comparison to results obtained with the RHF learns
that this system is highly correlated towards high electr
electron interaction strengths and high magnetic fields. T
RHF is only useful in the low correlation regime, e.g.,
predicts the right ground state configuration at zero magn
field. The comparison of the phase diagrams clearly sho
the tendency of the RHF to favor polarized states. T
MCHF is proven to be very useful in high magnetic fiel
since its results converge to the exact results with increa
magnetic field, e.g., atVc59.462 the overestimate of th
ground state energy only amounts to 0.075.
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